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School of Computer Science 

60-265-01 Computer Architecture and Digital Design 

Fall 2010 
Midterm Examination # 1 – Version 2
Wednesday, October 20, 2010 

Student Name: ________________ ___________________ 

                            First Name                 Family Name 
Student ID Number: _____________________ 
Duration of examination: 75 minutes 

1. Answer all questions on this examination paper in the space provided. 

2. This is a closed-book examination – no notes or books or electronic computing or storage devices may be used. 

3. Do not copy from other students or communicate in any way. All questions will be answered only by the attending proctors. 

4. The examination must be surrendered immediately when the instructor announces the end of the test period. 

5. Each student must sign the examination exit list before leaving the classroom.

Total mark obtained: _6+8+8+9.5+7.5=____39___________ 

Maximum mark: 48 

Question 1. [ 6 marks ] 

State the six Boolean Axioms (or Postulates) that are fundamental to Boolean set theory and Boolean Algebra.  For each Axiom, state both of the dual forms where appropriate.

P0:  Existence: There exist at least two elements x,y in B such that     x ≠ y

P1:  Closure: For every x,y in B there exist two combinational operators + and .     where x+y is in B and x.y is in B

P2:  Identity: There exist identity elements 0,1 in B relative to the operations + and ., such that for every x in B: 
0+x = x+0 = x and 1.x = x.1 = x.

P3:  Commutativity:  The operations + and . are commutative for all x,y in B:  x+y = y+x and x.y = y.x

P4:  Distributivity: Each operation + and . is distributive over the other; that is, for all x,y,z in B: x.(y+z) = x.y+x.Z and x+(y.z) = (x+y).(x+z)

P5:  Complementation:  For every element x in B there exists an element ~x, called the complement of x, satisfying:  x+~x = 1 and 
x.~x = 0

Question 2. [ 10 marks ] 

Part A. [ 4 marks ]

Simplify the following Boolean SOP expression using Boolean algebra only.  Show your steps clearly, but it is not necessary to state which axioms or theorems you are using.
F  =  WXZ’ + WX’Z’ + WX’Z + X’YZ + X’Y Z’
+ XYY’Z + WY’Z’ + WYZ’ + W’Y’Z’
+ WXZ + W’YZ’ + WXX’YZ 
Simplify:
First rearrange terms and eliminate terms that are 0.  
F  = WXZ + WX’Z + WY’Z’ + WXZ’ + WX’Z’ + X’Y Z’ 
+ XYY’Z + X’YZ + WYZ’ + W’YZ’ + WXX’YZ + W’Y’Z’
   = WXZ + WX’Z + WY’Z’ + WXZ’ + WX’Z’ + X’Y Z’ 
+ X’YZ + WYZ’ + W’YZ’ + W’Y’Z’
Then, gather similar terms and apply distribution postulate.
   = (WXZ + WX’Z) + (WY’Z’ + WYZ’) + (WXZ’ + WX’Z’) 
   
+ (X’Y Z’ + X’YZ) + (W’YZ’ + W’Y’Z’)

   = W(X + X’)Z + W(Y’ + Y)Z’ + W(X + X’)Z’ 
   
+ X’Y(Z’ + Z) + W’(Y + Y’)Z’
Now apply complementation postulate and idempotency theorem (A.A=A) to reduce A+A’=1 and A.A’=0 terms.

   = WZ + WZ’ + WZ’ + X’Y + W’Z’
   = W(Z + Z’) + X’Y + W’Z’
   = W + X’Y + W’Z’
= W + W’Z’ + X’Y
= (W + W’)(W + Z’) + X’Y
= W + Z’ + X’Y
Part B. [ 4 marks ]

Simplify the following Boolean SOP expression using the Karnaugh map technique.

F(W,X,Y,Z)  =  ∑ m(0,2,4,5,7,8,10,13,14,15)   
Karnaugh Map

	
	00
	01
	11
	10

	00
	1
	
	
	1

	01
	1
	1
	1
	

	11
	
	1
	1
	1

	10
	1
	
	
	1


Which yields the expression:
= X’Z’ + XZ + W’Y’Z’ + WYZ’
There may be other expressions, but those ones should all reduce to the one above or be equivalent.  Check these carefully.
Part C. [ 4 marks ]

Simplify the following Boolean SOP expression using the Karnaugh map technique.

F(X,Y,Z)  =  Π M(0,1,2,3,4,6)   
Karnaugh Map

	
	00
	01
	11
	10

	0
	0
	0
	0
	0

	1
	0
	1
	1
	0


Which yields the expression:

 
= (X) (Z)
There may be other expressions, but those ones should all reduce to the one above or be equivalent.  Check these carefully.

Question 3. [ 10 marks ]
Answer each of the following questions briefly.  The marks for each question are indicated in square brackets.
(a) State the six (6) fundamental binary logic gates and, for each gate, provide a complete truth table that fully defines the logic of the gate.  [ 6 marks ] 

	AND
	
	
	
	OR
	
	

	X/Y
	0
	1
	
	X/Y
	0
	1

	0
	0
	0
	
	0
	0
	1

	1
	0
	1
	
	1
	1
	1


	NAND
	
	
	
	NOR
	
	

	X/Y
	0
	1
	
	X/Y
	0
	1

	0
	1
	1
	
	0
	1
	0

	1
	1
	0
	
	1
	0
	0


	XOR
	
	
	
	XNOR
	
	

	X/Y
	0
	1
	
	X/Y
	0
	1

	0
	0
	1
	
	0
	1
	0

	1
	1
	0
	
	1
	0
	1


(b) Draw the circuit diagram for the following Boolean expression using only NAND gates.  [ 4 marks ]
F(X,Y,Z) = XY + X’Z + YZ’

Express F algebraically in NAND form, that is:  (AB)’ = A NAND B; note that A’ = (AA)’ = AnandA.

F(X,Y,Z) = XY + X’Z + YZ’ 


    = (XY)’’ + (X’Z)’’ + (YZ’)’’ 

    = (XnandY)’ + (X’nandZ)’ + (YnandZ’)’ 

    = 




= (X NAND Y) NAND (X’ NAND Z) NAND (Y NAND Z’)



= (X NAND Y) NAND



  ((X NAND X) NAND Y) NAND



  ( Y NAND (Z NAND Z))
The circuit diagram follows directly from the above expression.
Question 4. [ 10 marks ] 

Answer each question below.  Each part is worth 2 marks.  Show your working steps.
A. Convert the decimal number -254 to a signed-binary number using 2’s complement and a 16-bit representation.
First, convert the absolute value: 254, by successively dividing by 2 and retaining the remainder in each case.
254 / 2 = 127    rem  0   least significant (rightmost) bit
127 / 2 =  63    rem  1
 63 / 2 =  31    rem  1
 31 / 2 =  15    rem  1
 15 / 2 =   7    rem  1
  7 / 2 =   3    rem  1
  3 / 2 =   1    rem  1
  1 / 2 =   0    rem  1   most significant (leftmost) bit
Gathering bits yields the 8-bit result:   11111110
Now convert to 16-bit signed binary form.  First add 8 0-bits to the left side.
0000000011111110
1111111100000001   Complement

1111111100000010   Add 1 – Final answer: 1111111100000010   
B. Convert the octal number 16552768 to a hexadecimal number.
Starting with:  16552768 

Write octal digits as binary – groups of 3 bits per octal digit

= 001 110 101 101 010 111 110
Rearrange bits (from right) in groups of 4 bits


  = 0 0111 0101 1010 1011 1110
Convert each 4-bit group to a hex-digit (forget the left 0’s)


  = 75ABE16
C. Convert the positive decimal real number 0.9 to an unsigned binary number (ie. base-2).

Convert the fraction 0.9:

0.9 x 2  = 1.8
integer  1

0.8 x 2  = 1.6
integer  1


0.6 x 2  = 1.2
integer  1

0.2 x 2  = 0.4
integer  0
0.4 x 2  = 0.8
integer  0

And the last four steps repeat.


( 0.1[1100]

(Where the bits within braces repeat.)
D. State the 10’s-complement of the 5-digit representation of the decimal (ie. base-10) number: 65432.

First, find the 9’s complement, then add 1.



   99999

 
-  65432
 

   34567 + 1          (        34568  ANSWER
E. Express the number 46137  (ie. base-7) in radix-13 form.
Convert to base-10 first.



46137  =  4*73 + 6*72 + 1*7 + 3




=  4*343 + 6*49 + 1*7 + 3




=  1372 + 294 + 7 + 3  




=  1676 
Next, divide successively by 13.


13 )    1676



128
12



    9      11

0   9

Collect terms to get the final answer:    9BC13
Question 1. [ 10 marks ] 

Using Boolean algebra, prove the following theorems.  For each step in the proofs you must state the specific axiom or axioms that is/are used.  Failure to justify a step will be penalized.  Each part is worth 5 marks.

(a) X’. Y’ = (X + Y)’
[deMorgan’s Theorem]
A+B= 1 & AB=0 ( A = B’ OR B = A’

Proof:  Letting  A=(X+Y) and B=X’Y’, then (a) states: A’ = B.
If true, then it must follow that: 



A A’ 
=  0 
= A B




1. Complementation [P5]


= (X+Y) (X’Y’) 


2. Substitution


= [X X’Y’] + [YX’Y’] 

3. Distributivity [P4]


= [(XX’) Y’] + [X’YY’] 

4. Commutativity [P3]


= [0.Y’] + [X’.0] 


5. Complementation [P5]



= 0 + [0. Y’] + 0 + [0. X’] 

6. Identity [P2]



= Y Y’ + [0. Y’] + X X’ + [0. X’] 
7. Complementation [P5]

= Y’ [Y+ 0] + X’ [X + 0] 

8. Distributivity [P4]

= YY’ + XX’ 



9. Identity [P2]

= 0 + 0




10. Complementation [P5]

= 0               



11. Identity [P2]

            Self-consistent!    QED
A+A’ 
= 1 
= A+B




1. Complementation [P5]



= (X+Y)+(X’Y’)


2. Substitution


= (X+Y+X’)(X+Y+Y’)

3. Distributivity [P4]



= (X’+X+Y)(X+Y+Y’)

4. Commutativity [P3]



= (1+Y)(X+1)



5. Complementation [P5]



= 1.(1+Y).1.(X+1)


6. Identity [P2]


= (Y’+Y)(1+Y) (X+X’)(X+1)

7. Complementation [P5]


= ((Y’.1)+Y) (X+(X’.1))

8. Distributiyity [P4]


= (Y’+Y) (X+X’)


9. Identity [P2]


= 1.1




10. Complementation [P5]


= 1




11. Identity [P2]

Self-consistent!    QED
MARKER NOTE:  There may be a tendency after step 5 to reduce terms like 0.Y to 0 directly.  This is not correct since it is not a postulate.  This was proven in the lecture slides as Theorem 2, but it still requires its own proof steps based only the postulates.  I have combined some steps together where it should be obvious that the same postulate is being used in more than one term within the left side expression. Students may combine other steps together to shorten the proof, but they should still specify what postulates are used.  They do NOT need to state the postulate number or even name – they can indicate this by an algebraic statement.

(b) X’ + XY’ = (XY)’
Proof:  

X’ + X Y’ 
= (X’ + X) (X’ + Y’)


1. Distributivity [P4]

= 1 . (X’ + Y’)



2. Complementation [P5]

= X’ + Y’



3. Identity [P2]

= (XY)’



4. deMorgan’s Theorem

            Self-consistent with right side!    QED



















